Abstract: Propagation of shear horizontal surface acoustic waves (SHSAWs) within a functionally graded magnetoelectro-elastic (FGMEE) half-space was previously presented (Shodja HM, Eskandari S, Eskandari M. J. Eng. Math. 2015, 1-18) In contrast, the current paper considers propagation of SHSAWs in a medium consisting of an FGMEE layer perfectly bonded to a homogeneous MEE substrate. When the FGMEE layer is described by some special inhomogeneity functions -all the MEE properties have the same variation in depth which may or may not be identical to that of the density -we obtain the exact closed-form solution for the MEE fields. Additionally, certain special inhomogeneity functions with monotonically decreasing bulk shear wave velocity in depth are considered, and the associated boundary value problem is solved using power series solution. This problem in the limit as the layer thickness goes to infinity collapses to an FGMEE half-space with decreasing bulk shear wave velocity in depth. It is shown that in such a medium SHSAW does not propagate. Using power series solution we can afford to consider some FGMEE layers of practical importance, where the composition of the MEE obeys a prescribed volume fraction variation. The dispersive behavior of SHSAWs in the presence of such layers is also examined.
Introduction
Shear horizontal surface acoustic waves (SHSAWs) can propagate in homogeneous piezoelectric half-spaces with 6 mm symmetry and are non-dispersive [1, 2] . These waves are often referred to as B-G waves in the literature. The non-dispersive nature of B-G waves may pose certain limitation on their applications. Curtis and Redwood [3] and Sun and Cheng [4] showed that propagation of SHSAWs in half-spaces consisting of layers of homogeneous piezoelectric materials with 6 mm symmetry are dispersive. Subsequently, numerous investigators studied various problems relevant to piezoelectric layered structure [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . For the layered half-spaces, the discontinuity of the nontraction stresses as well as stress concentration across the interfaces may give rise to interface delamination and flaws; devices incorporating such layered components are susceptible to malfunction, and thus it is preferred to eliminate the interfaces by utilizing the technology for achieving interface-free functionally graded piezoelectric materials (FGPMs). The exact closed-form solution of the governing equations of SHSAWs propagation is possible only for certain types of FGPMs materials. For example, Collet et al. [16] and Qian et al. [17] considered FGPMs with similar variations of the electro-elastic constants and density. On the other hand, Shodja et al. [18] considered many different variations for the magneto-electro-elastic (MEE) constants and density. Eskandari and Shodja [19] assumed quadratic variation for the electro-elastic properties and constant density.
Wentzel-Kramers-Brillouin (WKB) method is an analytical treatment used by several authors [20] [21] [22] [23] [24] [25] to treat half-spaces with FGPM structures; this method is useful for high frequencies. More generally, power series solution has been employed by Cao et al. [25, 26] to study the effect of the inhomogeneity functions describing the composition of the FGPM layer, on SHSAWs propagation in substrate-FGPM layer structures. The formulation in [25] and [26] assume that the volume fractions of the constituent phases have exponential and quadratic variations, respectively. Subsequently, they employed the simple Voigt averaging technique to approximate the properties of the considered FGPMs; note that in their treatments, all the electro-mechanical constants and density may have different variations.
The current work considers SHSAWs propagation through a homogeneous MEE half-space overlaid by an FGMEE layer. The usefulness and application of FGMEE materials have been briefly pointed out [18] ; the properties of MEE materials are reviewed [27] . For the stated model involving certain inhomogeneity functions the exact solutions are presented. More generally, for the cases with arbitrary inhomogeneity functions, an accurate analytical treatment based on the power series representation is provided.
Problem statement
Consider an MEE half-space overlaid by an FGMEE layer of thickness h, as shown in Figure 1 . The right handed Cartesian coordinate system (x 1 , x 2 , x 3 ) is taken in such a way that the x 1 x 3 -plane coincides with the surface of the layer and the positive x 2 -direction points into the medium. Let the layer and the halfspace, both have 6 mm symmetry with poling axis along the positive x 3 -direction. Moreover, their axis of symmetry coincides with the x 3 -axis as well.
Propagation of SHSAW along the positive direction of x 1 -axis is of particular interest. The corresponding displacement field is denoted as u 1 = u 2 = 0 and u 3 = u 3 (x 1 , x 2 , t). The only nonzero stress components are σ 31 
the constitutive equations of MEE media may be expressed as
where φ is the electric potential function and ψ is the magnetic potential function. c 44 , e 15 , κ 11 , h 15 , α 11 , and μ 11 are the elastic, piezoelectric, dielectric, piezomagnetic, magnetoelectric, and magnetic permeability coefficients, respectively. In the absence of body forces, and free electric and magnetic charges, the governing equations of MEE materials within quasi-static approximation can be written as
in which the only nonzero component of R is R 11 = ρ, the mass density, and dot denotes the time derivative. It is assumed that all material properties of the FGMEE layer vary continuously with x 2 as
where by assuming ( )
R R h = as the material coefficients for the homogeneous substrate, the discontinuity at the layer-substrate interface is omitted. Substituting (4) into (3) leads to
by which the governing equations for the layer and the halfspace are, respectively, described as
In the above relations and the remaining part of the paper, the superscripts I and II over any quantity imply that the quantity belongs to the layer and the substrate, respectively.
As noted earlier, for the overlaying layer with some special variations of MEE properties and density, exact closed-form solution will be obtained. Associated to such cases, suppose that the MEE properties and density follow the special variations:
respectively. In these equations R are values of C ik and R ik at the surface of medium and then f(0) = g(0) = 1. By substituting (8) in (6) we can find governing equation for the special variation as follows
Moreover, for the air in direct contact with the surface of FGMEE layer the governing equations for the electric potential, φ a , and the magnetic potential, ψ a , reduce to
Analytical solutions
In this section we are going to solve the governing equations of each constitutive part of continuum under discussion in detail. This constitutive parts are the FGMEE layer, the MEE substrate, and the air that is in contact with the surface of the layer.
Functionally graded layer

Power series solution
In this section we present a general power series solution for the governing equation (6) pertinent to FGMEE layer. On the assumption that anti-plane shear surface waves propagate along the positive x 1 -axis, one can express v I (x 1 , x 2 , t) as follows:
where k is the wave number, c is the wave velocity, and
T is the unknown amplitude vector. Subsequently, one can write
where
Now, substituting (11) in (6) yields
Consider the variation of the material properties C ik and R ik corresponding to the FGMEE layer in terms of their Taylor's series expansion about the point x 2 = h at the interface as
Accordingly, the solution of (14) can be taken in the form
where v k;n are unknown constants. Substituting (15)- (17) into (14) and setting the coefficient of (x 2 -h) n (n = 0,…,N) equal to zero, one obtains a system of 3N × 3N algebraic equations. The general form of the obtained equations is as follows [ ( 1)( 2) ( 1)( -1)
As it is observed, for n = 0 there are 3 × 3 unknown coefficients v k;0 , v k;1 , and v k;2 . For n = 1, three more unknown coefficients are involved, and so on. Therefore, all 3(N-2) unknown coefficients v k;j ( j = 2,…,N) can be expressed in terms of only six unknown constants corresponding to n = 0, and 1 as 
in which K(x 2 ) = C -1 (x 2 ) is defined by
Here, -, -, 
are functions of x 2 that for convenient their argument is dropped. By substituting (19) in (17) and then substituting the result in (11) we can find the displacement field as well as electric and magnetic potential functions pertinent to FGMEE layer. Next, by using equation (2), the nonzero components of stress, electric displacement, and magnetic induction in FGMEE layer can be computed. The six independent unknown coefficients v k;0 and v k;1 in (19) can be determined from the boundary conditions.
Functionally graded layer with special variation
In this section, by employing an approach similar to that given in [18] we derive a reduced form of the governing equation (6) for the MEE fields, when the variation of material properties in the layer is described by some special inhomogeneity function. By changing variable as follows
where,
equation (9) decouples as follows
By assuming a solution for these PDEs in the following form
and substituting it in (24)-(26) they become
in which 0 / sh c c χ= is dimensionless SHSAW velocity, where
sh sh c c x = = is the bulk shear wave velocity in the homogeneous half-space made of the surface material. Bulk shear wave velocity in FGMEE layer varies with depth and may be described by following equation
From the definition of 44 c * it is observed that for the special inhomogeneity functions, this parameter varies with f(x 2 ), meanwhile ρ varies with g(x 2 ). Subsequently, one can find the following equation for the bulk shear wave velocity:
Solution of ODEs (28)- (30) have two parts, one of them goes to zero and the other goes to infinity as x 2 goes to infinity, then we can write the solutions as follows
, and Z 2 (x 2 ) will be determined for some special cases in Section 6.1. From these solution we can find other fields as follows
Homogeneous substrate
For the substrate, the solution of (7) using the same approach applied for functionally graded layer with special inhomogeneity functions in Section 3.1.2 can be expressed as
Since the exponentially decaying solutions are of interest, let Here, II ( 1, 2, 3) i A i= are unknown constants to be determined using the boundary conditions. Next, using following equation, the nonzero components of stress, electric displacement, and magnetic induction pertinent to MEE homogeneous substrate can be computed
Air
By solving (10), the electric and magnetic potential functions corresponding to the air can be given by
where 1 a A and 2 a A are unknown constants to be determined from the boundary conditions. Moreover, the electric displacement and the magnetic induction fields of the air becomes
Boundary conditions
From the previous section we find that the complete solution of the problem requires finding nine to 11 unknown constants based on the prescribed boundary conditions. For a perfect bonding between the layer and the substrate, one must consider six continuity conditions along the interface (x 2 = h) as follows I  I I  I  II  23  23  I  I I  I  II   I  I I  I  II  2  2  2  2 , , , .
For more physical details and interpretation of the abovementioned conditions, one can refer to Alshits et al. [28] .
Material properties and some inhomogeneity functions
For illustration, four different types of materials are considered; BaTiO 3 as a piezoelectric material [29] , CoFe 2 O 4 as a piezomagnetic material [29] , and compositions 1 and 2 as two MEE fibrous composites [18] . Composition 1 is made of BaTiO 3 matrix and CoFe 2 O 4 fiber, where as composition 2 is made of CoFe 2 O 4 matrix and BaTiO 3 fiber. In both compositions the volume fractions of matrix and fiber are 70% and 30%, respectively. The properties of these materials are given in Table 1 . In order to show the robustness of the current theoretical approach, two different patterns for the variation of the material properties of the overlaying FGMEE layer are considered. The first group involves the special inhomogeneity functions P1-P8 defined in Table 2 . The solution pertinent to this group can be obtained in closed-form which may also be used for the verification purposes of the introduced series solution approach.
In the second group, the desired FGMEE layer is fabricated based on different variations of the volume fractions of the constituent phases with depth; different inhomogeneity functions with realistically varying MEE properties are constructed using the homogenization theory [30] . The problem involving such profiles are treated by the series solution approach. Table 3 lists [31] . It should be mentioned that in these composites, the major volume is considered as the matrix and the minor volume is assumed to be the fiber. For demonstration, for the case G1 the variations of c 44 , e 15 , h 15 , κ 11 , μ 11 , and α 11 as well as the corresponding bulk shear wave velocity, c sh as functions of the dimensionless depth, x 2 /h are given in Figure 2A -D. As it is seen, the variations of MEE properties along the depth have different trends, and thus the assumption that the variations of the properties follow a similar trend is not practical at all. Usage of Voigt averaging technique instead of the homogenization theory, would have lead to a crude approximation; in particular, it would result in identically zero value for the magneto-electric coefficient, α 11 .
-For the special inhomogeneity functions, for given dimensionless depth (βh = constant) two limiting cases of β→0 and β→∞ are worthy to discuss. For the case β→0 we must have h→∞. β→0 alone implies that all the properties do not vary with depth. Thus, β→0 and h→∞ together imply that we have a homogeneous half-space having the MEE properties of the surface. Consequently, SHSAW velocity tends to 0 .
shs c On the other hand, if β→∞ then h→0 and the layer is omitted. In this case we have a homogeneous halfspace made of the substrate material and thus SHSAW velocity approaches .
S shs c
Another interesting limiting case associated with this type of FGMEE structures is when h→∞ for a given value of β. Under these conditions the layer-substrate structure converts to an FGMEE half-space considered previously [18] . -For the profiles in which their material properties are defined by specifying the volume fraction of the constituent phases, the limiting case of h→0 results in a homogeneous half-space made of the substrate material. While for the case of h→∞ we encounter slowly varying properties from the surface to the layer-substrate interface, and so we shall have a nearly homogeneous half-space made of the surface material. Therefore, the SHSAW velocities for the cases h→0 and h→∞ approaches 
Special inhomogeneity functions
If the material used as the FGMEE layer is described by any of the eight profiles P1-P8 defined in Table 2 , then the magneto-electro-elastic fields have exact closed form solutions. The solutions within the layer are in the forms given by (33)-(35). It should be noted that the first part of the solutions U 1 (x 2 ), Ξ 1 (x 2 ), and Z 1 (x 2 ) are, respectively, the same as U(x 2 ), Ξ(x 2 ), and Z(x 2 ) for the FGMEE half-space considered [18] . The functions U(x 2 ), Ξ(x 2 ), and Z(x 2 ) are given in Tables 4 and 5 [18] . The second part of the solutions, denoted as U 2 (x 2 ), Ξ 2 (x 2 ), and Z 2 (x 2 ) are given in Tables 6 and 7 . As it was
Results
For demonstration of the applicabilities of the present theory, the solutions of several problems are presented and discussed. This section is organized as follows. In Section 6.1, the exact solution pertinent to the special inhomogeneity functions, P1-P8 are given. For demonstration the dispersion curves associated to profiles P2 and P4 for n = ±2 are plotted. For the verification of the accuracy of the power series solution, the case of P2 (n = -2) is re-examined by this approach in Section 6.2 and it is compared with the pertinent exact solution obtained in Section 6.1. The inhomogeneity functions considered in Section 6.1 correspond to either uniform or monotonically increasing bulk shear wave velocity ( / ). f g Section 6.3 considers the special inhomogeneity functions with monotonically decreasing / f g and presents the corresponding series solutions. Section 6.4 gives the power series solution for certain practical situations in which the volume fractions of the constituent phases of the FGMEE layer vary according to some known profiles.
The dispersion curves (SHSAW velocity versus wavenumber) for all the considered examples are obtained and presented in Figures 3-6 . Prior to the calculation of the dispersion relations, it should be noted that their trends must be in such a way that the following conditions hold: -According to the analysis given in Section 3.2, in order for q 1 to be real and nontrivial it is necessary that 0< / 1 S sh c c < -For both inhomogeneity patterns introduced in Section 5, the limiting cases of k→0 and k→∞ are mentionable; when k→0, the wave length would be infinite, implying that the penetration depth is infinite, and thus the surface layer with finite thickness cannot have significant effect on the behavior of such long waves. Therefore, the SHSAW velocity approaches the SHSAW velocity in a homogeneous half-space made of the substrate material ( ) S shs c with the same magnetoelectrical boundary conditions which are defined on the surface of the layer-substrate system. On the other hand, when k→∞ the wave length and consequently the penetration depth approach zero. Therefore, in this case the wave propagates just beneath the surface of the FGMEE layer, and the SHSAW velocity approaches 0 , shs c which is the SHSAW velocity in a homogeneous half-space made of the surface material with the same magneto-electrical boundary conditions which are defined on the surface of the layer-substrate system. Table 5 : Solution of Ξ 1 (x 2 ) and Z 1 (x 2 ) for the special inhomogeneity profiles. Table 6 : Solution of U 2 (x 2 ) for the special inhomogeneity profiles. 
exp ( 1 ) . Therefore, the solutions reduce to the solutions of the FGMEE half-space considered [18] .
For the profiles P2 and P4 with n = ±2 and the boundary condition of type C2 (electrically short and magnetically open), the distribution of the dimensionless SHSAW velocity,
as a function of dimensionless wave number, (λ = k/β) for various dimensionless thickness of the layer, βh is shown in Figure 3A -D. Here it is assumed that the surface material of the FGMEE layer is made of composition 1 whose properties are given in Table 1 .
The SHSAW velocity in a homogeneous MEE halfspace with boundary conditions C2 on the surface is described as Com C χ as λ→0, respectively. It is mentionable that the value of the dimensionless SHSAW velocity in homogeneous half-space made of composition 1 with boundary condition C2 on the surface is 1 2 0.9923203365
. This result is clearly in agreement with the results of the present analytical solutions plotted in Figure 3A -D.
From Figure 3A to D it is observed that for each dispersion curve associated with a finite value of βh, there exists a critical value of dimensionless wave number, λ cr at which the dispersion curve meets the dispersion curve corresponding to the FGMEE half-space [18] . For example in Figure 3C the dispersion curve associated with βh = 1 meets the dispersion curve corresponding to the FGMEE half-space at λ cr ≈9; thus, for λ > 9 the dispersion curve for FGMEE layer-homogeneous substrate system falls on the mentioned earlier in this section as h→∞ and β = constant, the layer-substrate system will reduce to the problem of the FGMEE half-space presented [18] . Subsequently, dispersion curve for FGMEE half-space (βh→∞). In other words, the penetration depth (pd) of wave is smaller than the FGMEE layer thickness, and so the FGMEE layer-homogeneous substrate system mimics an FGMEE half-space. In other words, the wave speed is not affected by the substrate. It is well known that the penetration depth of surface waves is proportional to one wavelength or inverse of wave number, pd∝1/k [32] , then we can write pd = C 0 /k, where C 0 is a constant that depends on boundary conditions, MEE properties, and the inhomogeneity functions. For the penetration depth to be less than the layer thickness, pd < h we have λ > C 0 /βh = λ cr . From Figure 3A to D, it is clearly seen that as βh increases the corresponding critical value of the dimensionless wave number, λ cr becomes smaller.
The behavior of the dispersion curves shown in Figure 3A -D pertinent to the FGMEE layer-homogeneous substrate for various dimensionless layer thickness, βh may be justified with the aid of the dispersion relation pertinent to the FGMEE half-space (βh→∞). In the followings the justification for the dispersion curve shown in Figure 3C corresponding to the FGMEE layerhomogeneous substrate in which the properties of FGMEE layer vary according to profile P4 with n = 2 will be discussed; the behavior of the dispersion relations shown in Figure 3A , B, and D can be justified by a similar argument. It should be recalled that, pertinent to the profile P4, the value of χ for both limits, λ→0 and λ→∞ must tend to the same value of 
Power series solution verification
In order to show the robustness and accuracy of the introduced series solution approach, the dispersion curves corresponding to the layer-substrate media considered in Section 6.1 can be regenerated by employing the series solution method. For demonstration, the dispersion curve associated to a nonhomogeneous layer with variation P2 (n = -2) and unity dimensionless depth of the layer βh = 1 pertinent to the boundary condition C2 is calculated as a function of λ by the proposed series solution for different number of terms, n. For this case, Figure 4 compares the obtained series solution with the exact analytical results of the previous section (Section 6.1). As it is observed, for high frequency waves (large values of λ), in order for the series solution to converge to the exact solution, larger number of the terms of the series is required. For instance, by choosing n = 50, the results with appropriate accuracy are achievable for λ < 40. The obtained results from the series solution method are in good agreement with those of the exact analytical method. The authors claim that the introduced series solution approach has no limitations for studying the surface wave propagation in nonhomogeneous medium whose properties can be well approximated by power series with finite number of terms.
Special inhomogeneity functions with monotonically decreasing behavior of bulk shear wave velocity with depth
The exact solution associated to FGMEE half-spaces with monotonically decreasing behavior of / f g is not possible [18] . Fortunately, by utilizing of the general power series solution approach, we are able to address the propagation behavior of SHSAWs in this type of FGMEEs. For example, consider the following special inhomogeneity function denoted as profile P0:
in which for a given positive value of β, the bulk shear wave velocity, Figure 5 shows the dispersion curves associated to an FGMEE layer-homogenous substrate in which the variations of the properties in the layer is described by the variation P0 with n = ±2 and boundary condition C2. As pointed out in the Section 6.1, for the special class of the inhomogeneity functions, the dimensionless wave velocity tends to 
Profiles defined by volume fraction variation
In many practical situations the overlaying layer may be made of an FGMEE material in which the volume fraction of the constituent phases varies with depth as desired. This section examines the dispersive behavior of SHSAWs in FGMEE layer bonded to a homogeneous substrate. In particular, FGMEE layers in which the volume fraction of their micro-constituents is describable by the power variations G1-G4 discussed in Section 5 are of interest. Using general power series solution the dispersion relation pertaining to the variations G1-G4 for different powers, n = 1, 2, 3, and 4 are calculated and shown in Figure 6A- c corresponding to these profiles are given in Table 8 .
